Introduction
Let M be an n-dimensional Riemannian manifold which possesses a pole o, namely, the exponential map exp o : T o M → M at o is a diffeomorphism. In the case that the metric of M is rotationally symmetric, Donnelly's theorem [1] implies that the Laplacian of M has no eigenvalue greater than (n − 1) 2 /4 if the curvature K of M satisfies K ≤ 0 and the decay conditions ∞ 0 r|K + 1| dr < +∞ and lim r→∞ r|K + 1| = 0, where r denotes the distance from o. Also, in the rotationally symmetric case, Donnelly and Garofalo [3] proved that if the radial curvature K satisfies 0 ≥ K(r) and K(r) increases, then the Laplacian has no eigenvalue. As for a manifold whose metric is not necessarily rotationally symmetric, Donnelly also proved the following. Donnelly's method in [1] and [2] is a modification of Kato's solution [11] to the analogous problem for the Schrödinger operator on Euclidean space.
We note here the decay conditions on the curvature plus 1, K + 1 which are assumed in the above results; the decay condition on K +1 in [1] is, roughly speaking,
In this note, we shall consider the case that K + 1 = O(r −1 ) (r → ∞) and prove has no eigenvalue greater than some constant. More precisely, we shall prove the following theorem. THEOREM 2. Let M n be a complete Riemannian manifold with a pole o. We suppose that the radial curvature satisfies
where α ≥ 0, 0 ≤ β ≤ 1 are constants, and r(x) = dist(o, x). We assume that
We note that the hypothesis in Theorem 2 implies that − r converges to n − 1 as r tends to infinity and hence the essential spectrum of the Laplacian is equal to [(n − 1) 2 /4, ∞) (cf. [13] ).
At the end of this paper we shall also give an example of a four-dimensional manifold with infinite volume whose radial curvature is equal to −1 outside a compact subset, its Laplacian has arbitrarily large eigenvalues, and its essential spectrum is equal to [1/4, ∞) . Such an example suggests that some global curvature condition is required to guarantee the conclusion of Theorem 2.
Proof of Theorem 2
We first note the following calculation: 
where
and
In order to prove Theorem 3, we shall use the following Rellich-type identity which is a slight generalization of Equation (1.3) in Escobar and Freire [6] .
where ν stands for the unit outward normal vector field along ∂D.
Proof. Applying Green's formula and taking into account the fact that δdu = u = λu, we have the following three equations:
Lemma 1 follows from these three equations. ✷ COROLLARY 1. In addition to the assumption of Lemma 1, we suppose λ > 0. Then for any ε > 0, we have
Proof of Theorem 3. Let r be the distance function to the pole o and h 0 (x) and h 1 (x) denote the smallest and largest eigenvalue of r Hess r| (∇r(x)) ⊥ , respectively, where 
Let u be a L 2 eigenfunction of with eigenvalue λ
We shall show that the following inequalities hold for some function ϕ and constant ε which are determined later:
Let X 1 , X 2 , . . . , X n−1 be an orthonormal base for the subspace
the following inequalities (3) and (4) hold:
the left-hand side of (1)
the left-hand side of (2)
Thus, we see that under our curvature assumption, inequalities (1) and (2) are deduced from the following inequalities (5) and (6):
Now, we set
Then, we have the left-hand side of the inequality (5)
the left-hand side of the inequality (6) 
Moreover, the right-hand side of the above inequality is estimated from above by c 0
where c 0 is a positive constant independent of R. 
As a consequence, we have
We note here that f +ϕ+(2λε) −1 |dϕ| < 0 on M, which is easily seen from the proof above. Therefore, u vanishes on all of M. This completes the proof of Theorem 3. ✷ Donnelly and Garofalo [3] also used a Rellich-type identity and studied the absence of L 2 eigenfunction. In particular, among other things, they proved the following. We can use our Rellich-type identity and improve the curvature condition of Proposition 1 due to Donnelly and Garofalo [3] . PROPOSITION 2. Let M n be a complete Riemannian manifold with a pole o. We suppose that the radial curvature satisfies
where C 1 ≥ 0 and 0 ≤ C 2 ≤ 1 are constants and r(x) = dist(o, x). Then there exist numerical constants A 1 and A 2 such that inequalities
imply non-existence of the L 2 non-trivial eigenfunction of with eigenvalue λ in the essential spectrum [(n − 1) 2 /4, ∞).
PROPOSITION 3. Let M n be a complete Riemannian manifold with a pole o.
We suppose that the radial curvature satisfies
where r(x) = dist(o, x), and δ 1 > 0, ε 1 > 0, 0 ≤ C 2 ≤ 1 are constants satisfying the following inequalities:
where A 1 is the same constant as that in Proposition 2 and so is A 2 . Then there exists no non-trivial L 2 eigenfunction of with eigenvalue λ in the essential spectrum
In Propositions 2 and 3, the curvature assumptions near infinity are more general than that of Proposition 1 but much stronger than that of Theorem 1 due to Donnelly [2] . Propositions 2 and 3 can be proved in the same line as in the proof of Theorem 3. For the sake of completeness, we shall give proofs of Propositions 2 and 3.
Proof of Proposition 2.
We shall follow the notation in the proof of Theorem 3. First, we note that since
Let u be a L 2 eigenfunction with eigenvalue λ ≥ (n−1) 2 /4 and set ϕ = (n−1)r coth r, f = r 2 /2 and ε = 2/(n − 1). We want to show u ≡ 0. In view of the proof of Theorem 3, we see that it suffices to prove that inequalities (1) and (2) hold. But (1) and (2) are deduced from inequalities (5) and (6) with α = C 1 /(e 2r − 1) and β = C 2 /(e 2r −1). Moreover, (5) and (6) with α = C 1 /(e 2r −1) and β = C 2 /(e 2r −1) are deduced from the following three inequalities,
where we have used the fact that λ ≥ (n − 1) 2 /4. Direct computations show the following equivalence:
We note here that the positive function 
We note that the comparison theorem implies that α(r) > 0 for r > 0. We set
Then A 1 satisfies
and hence
Since the comparison theorem implies coth r ≤ α (r)/α(r),
Therefore,
where we recall that h 1 (x) is the largest eigenvalue of r Hess r| (∇r(x)) ⊥ . Thus, when we set C 1 = δ 1 /ε 1 , the proof of Proposition 3 is reduced to that of Proposition 2 (cf. inequality (7)) and we have completed the proof of Proposition 3. ✷ Finally, we recall the example in Donnelly [1] . He shows that if a surface M is diffeomorphic to R 2 , has metric dρ 2 + g(ρ) 2 dθ 2 in geodesic polar coordinates about the origin, and g(ρ) = e −ρ for ρ ≥ 1, then has arbitrarily large eigenvalues and its essential spectrum is equal to [1/4, ∞). We note that curvatures of M are equal to −1 for ρ ≥ 1. This example suggests that some global curvature condition is required to guarantee the conclusion of Theorem 2.
Concerning the above example, the volume of geodesic balls about the origin decreases exponentially. Now, we shall give a manifold whose radial curvature is equal to −1 outside a compact subset, whose volume of geodesic balls about the origin increases exponentially, and for which the same conclusion as the above example holds.
Example. Let ξ be a unit Killing vector field on the standard unit sphere (S 2n−1 , g 0 ) which satisfies Kerf * = R · ξ for the Hopf fibering f : S 2n−1 → CP n−1 . We define a symmetric tensor g h on S 2n−1 by g h = g 0 −ω ξ ⊗ω ξ , where ω ξ is the 1-form dual to ξ . We shall introduce the following Riemannian metric G νµ on R 2n using two tensors g h and ω ξ ⊗ ω ξ :
where ρ is the Euclidean distance to the origin o of R 2n , and ν and µ are smooth functions on [0, ∞) satisfying
We shall assume that 
where a function φ in V k,k−2p satisfies L ξ L ξ φ + (k − 2p) 2 φ = 0 and L ξ stands for the Lie derivative with respect to the vector field ξ (cf. [9, 16] ). Since the Laplace operator νµ on (R 4 , G νµ ) is expressed as
for functions f on [0, ∞) and φ ∈ V k,k−2p , a computation shows that
Hence, we see that − νµ is decomposed into the direct sum of the operators
shows that
Since {(ν √ µ) /(ν √ µ)}(ρ) = 1/4 (ρ ≥ 1) by our assumptions (12) , this decomposition (13) shows that σ ess ( νµ ) = [1/4, ∞). Moreover, when k = 2p, since (k − 2p) 2 /µ 2 → +∞ as ρ → +∞, σ ess ( L k,p ) = ∅ (k = 2p), and hence νµ has arbitrarily large eigenvalues in the essential spectrum [1/4, ∞). We note that the radial curvature of this manifold (R 4 , G νµ ) is equal to −1 on {x | ρ(x) ≥ 1}.
